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In this note we give different characterizations of analytic planar functions 
that have counterparts for planar functions Fp~Fp, p>2 a prime number. In 
particular, we prove that an analytic planar function is a quadratic polynomial. 
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1. INTRODUCTION 
Let F be a field, let ~2(F)  be the affine plane over F, and let P2(F )  be 
the projective plane over F. Furthermore, let f : F ~ F be a function with 
graph F( f ) :={(x , f (x ) ) lxeF};  i.e., F( f )  is a subset of the point set 
F x F of ~2(F) .  We construct an incidence structure I ( f )  whose points are 
the points of N2(F) and whose lines are the translates of F ( f ) ,  together 
with the vertical lines in /~2(F). The function f is called planar if the 
incidence structure I ( f )  is an affine plane. This is the case if and only if: 
for every deF*  
the function fa : F ~ F: x ~ f (x  + d) - f (x )  is bijective. (*) 
For general information about planar functions the reader is referred to 
[6, 123 .
An oval 0 in P2(F) is a set of points such that no three points of O are 
collinear and such that through every point of O there is a uniquely deter- 
mined line that intersects O in just this point. Let Po~ be the ideal point of 
the vertical ines in ~2(F), i.e., a point in P2(F). A parabola P in A2(F) is 
a set of points such that Pw {p~} is an oval in P2(F). General informa- 
tion about ovals in projective planes can be found in [ 5 ]. In the following 
let Fq denotes the finite field with q elements. 
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2. CHARACTERIZATIONS OF PLANAR FUNCTIONS 
Gluck [7], Hiramine [9], Rdnyai and Sz6nyi [ 16] independently from 
each other proved that every planar function Fp---, Fp, p >2 a prime 
number, is a quadratic polynomial. Summarizing their and other peoples 
results we arrive at the following 
2.1. PROPOSITION. Let p > 2 be a prime number and f : Fp ~ Fp be a 
function. Then the following are equivalent: 
( 1 ) the function f is a planar function; 
(2) the function f is a quadratic polynomial; 
(3) the graph f ( f )  o f f  is a parabola in/~2(Fp); 
(4) I(f) is a desarguesian affine plane. 
Note that in an earlier paper [ 11 ] Johnson already conjectured that a 
result like this one might be true. He also proved a particular case. 
The single arguments in the following proof are well known. We include 
them just for the sake of completeness. 
Proof We show that (2) implies (1), (3), and (4). Let f:Fp--+ Fp be a 
quadratic polynomial. Condition (*) above is easily checked. So, (2) 
implies (1). The set f ( f )  w {Po~} is a non-degenerate conic in P2(Fp). 
Every non-degenerate conic is an oval. Hence F ( f )  is a parabola in A2(Fp) 
and (2) implies (3). The incidence structure I (f)  is the so-called "parabola 
model" of A2(Fp). The map A2(Fp) ~ A2(Fp) : (x, y) ~ (x, y - x 2) trans- 
forms the parabola model into the straight-line-model of A2(Fp) showing 
that both models are actually isomorphic. Thus (2) implies (4). 
That both (1) and (4) imply (2) is the content of the three papers 
mentioned above. That (3) implies (2) follows from Segre's theorem [ 18] 
which asserts that any oval in a projective plane of odd order is a conic 
section. | 
If we replace Fp by the finite field Fp,,, with n/> 2, then it is possible to 
find planar functions Fp, ~ Fp, that are not quadratic [ 6]. Segre's theorem 
[ 18] guarantees that the graphs of these functions are no parabolas in 
A2(Ff). More information about planar functions Fp, ~ Fp, can be found 
in [5, 6, 10]. 
It is possible to give a characterization of analytic planar functions 
similar to 2.1. The only difference occurs in (3). Here we have to add the 
word "topological" before "parabola." A topological parabola P in A2(C) is 
a parabola in N2(C) such that the set Pu  {p~} is a closed set in P2(C) 
[4]. 
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2.2. PROPOSITION. Let f :  C--+ C be an analytic function. Then the 
following are equivalent: 
(1) the function f is a planar function; 
(2) the function f is a quadratic polynomial; 
(3) the graph F ( f )  o f f  is a topological parabola in A2(C); 
(4) I ( f )  is a desarguesian affine plane. 
In order to prove this result we need the following lemma. 
2.3. LEMMA. Let W be an n-dimensional real vector space and let 
g : W--* ~ be a continuous function having the property :
for  all ds  W-  {0} the function 
g d : W ~ R : x ~ g( x + d) - g( x ) is constant. (**) 
Then g is a linear function. 
Proof  We prove this lemma by induction on n. 
n = 1. Identify W with R. Let s : R --+ R be the linear function that inter- 
polates g in the points 0 and 1 and let c=s(1) -s (O) .  By assumption 
g(x + 1) - g(x) = c for all x ~ R. By setting x = 1, we get g(2) - g(1) = c = 
s (2 ) -  s(1). This implies that g (2)= s(2). Continuing to argue in the same 
manner,  we find that g(m)=s(m)  for all m eZ.  Let d=½.  Then 
g(½)_g(O)=g(O+½)_g(O)=g(½+!)  1 2 - g(5) = g(1) -  g(½). This implies 
that g(½)=1 5(g(0) + g( 1 )) = ½( s(0) + s( 1 )) = s(½). Continuing to argue in the 
same way, we find that g(m/2 k) = s(m/2 k) for all k, m E 77. Since the func- 
tion g is continuous and the set {m/2 k [ m, k ~ Z} is dense in R, this implies 
that g(x) = s(x) for all x e ~. 
Assume that the lemma is true for all m ~ N, with 1 ~ m ~< n - 1. Let W 
be an n-dimensional vector space and let g : W--, R be a continuous func- 
tion having property (**). Let V be a nontrivial subspace of W and let V w 
be its orthogonal  complement. Then both restrictions g lv and g i r t  have 
property (**) and are therefore linear functions. Let x~ W-{0} and 
x = xl + x2, with xl ~ V and x2 ~ V T. Then g(0 + x2) - g(0) -- g(xl  + x2) - 
g(xl).  Hence g(x) = g(x~ + x2) = g(xl )  + g(x2) - g(0) = g lv (x l )  + 
g[ v~(X2) - g(0). Thus g is a linear function. | 
Proof  o f  2.2. That (2) implies (1), (3), (4) is proved as in the finite case. 
That (3) implies (2) follows from Buchanan's theorem [4]  which asserts 
that every closed oval in P2(C) is a conic section. That (4) implies (2) 
follows from [ 12, Satz 2.9]. 
We show that (1) implies (2). Since f is planar, we find that for all 
d ~ C - { 0} the function fa : C ~ C : x ~ f (x  + d) - f (x )  is a bijection. 
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A straightforward application of the Casorati-Weierstrass theorem yields 
that fa is a linear function. Hence the real part of the derivative f '  of f, 
interpreted as a continuous function N2~ R, has property (**) (see 2.3) 
and is therefore a linear function. Thus f '  itself is a linear (analytic) func- 
tion. The function f cannot be a linear function since it is planar. We con- 
clude that f is a quadratic function. | 
2.4. Remarks. (1) If we drop the requirement hat f :  C~C be 
analytic, then 2.2 is no longer true. In fact, it is possible to construct 
non-quadratic, continuous planar functions C ~ C. Examples of such 
functions can be found in [2, 3, 12, 13, 15]. 
(2) Using transfinite induction [ 14] (see also [ 1 ]) it is possible to 
construct ovals in any projective plane the point set of which has infinite 
cardinality. These ovals are no conic sections. 
(3) Let f : C ~ C be a continuous planar functions interpreted as a 
function f : ~2 ~ ~2 : (x, y) ~ (u(x, y), v(x, y)). Then I ( f )  is desarguesian, 
i.e., isomorphic to N2(C) if and only if both u and v are quadratic polyno- 
mials (in two variables). This is a direct consequence of [ 12, Satz 2.9]. 
(4) Continuous planar functions N ~ N abound. By results of Groh 
[8, 3.6, A1, B1 ] and Salzmann [ 17] we know that a continuous function 
f :  N--, ~ is planar if and only if: f (or - f )  is strictly convex and 
limx ~ +_~ ( f (x )  - l (x))  = + oo( - oo) for every linear function l: N ~ N. 
(5) Let f :R  ~ N be a continuous planar function. Then I ( f )  is 
desarguesian if and only i f f  is a quadratic polynomial [ 17, t9]. 
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